This paper describes some distribution function inequalities between maximal functions and singular integral operators.
(2t) < C0D(t) then f d[K(f)(x)]dx < cf J j[f*(x)]dx.
Rn
Given theorem I, the proof of this corollary follows by an argument of Burkholder and Gundy [2], which we include for completeness.
Taking -y = 2N-i for some large N and subtracting the first summand in the last expression from both sides, we obtain the result.
The following consequence of theorem I was pointed out to us by R. Gundy.
Let w(x) be locally integrable and 
to hold is that there exist C > 0, a > 0 such that for all balls B in R' and measurable sets E.
It is an immediate consequence of the proof of theorem I that for such weights we have
from which one obtains the corresponding norm inequalities. * We would like to point out that although the results stated involve the Hardy-Littlewood maximal function, they can be considerably refined to include "smoother" versions of f*, such as the ones used by Fefferman and Stein [5] . The main tool used is their analogue of the Calder6n-Zygmund lemma. In order to explain the idea of the proof, I will give the argument in the case of the Hilbert transform for a slightly weaker form of inequality (1). Let We claim:
In fact, to see (a) we observe that the maximal truncated Hilbert transform is of weak type 1 -1; that is,
[the last inequality follows from the assumption f*() < X for some t CE 1]. For the proof of (b), we write, for x C Ii,
the first term is less that X (by construction) and the last two terms are easily seen to be dominated by C'f*(t) for any l Ii; taking t such that f*(Q) < yX we obtain inequality (b).
We now let 1' = (-1 -C'). Then, using (b) and then (a)
This proves (4) and, thus, (3) follows. We now would like to explain some of the technical modifications needed in order to obtain (1). To obtain the exponential estimate we need only use, in (a), the result of R. Hunt [7] or, if we wish, the Calder6n-Zygmund decomposition of fi, combined with the usual exponential estimate for signular integrals of bounded functions. The extension of the proof to R' involves only the use of Whitney's lemma and standard estimates.
To conclude, we would like to point out that a refinement of the same proof yields the following general result.
Let k(x,y) be such that fk(x,y)f(y)dy is a bounded operator on L2(R') and k(x,y)IX -yV' < 1, fk(x,y) -k(x,yo)I < ly -yolx -yof-'-n, Ix -yol > 21y -yol and fk(x,y) -k(xoy)I < Ix -xoly -xof-1nl-y -xol > 2Jx -xol then We also claim that a more general result is true for this class of operators. which, even for the case c1(t) = tr, r > s, is a refinement of Calder6n's result in [4] .
